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Estimation of Wood Density without Weighing Using
Bending Vibration and Static Bending Tests — Effect of
Span-to-Height Ratio on the Estimation Accuracy

Yoshitaka Kubojima,** Hideo Kato,* Satomi Sonoda,® and Kazuki Nanko ¢

The effects of the span-to-height ratio of wooden cantilevers on density
estimation using bending vibration and static bending tests were
examined. Bending vibration and static bending tests were performed for
wooden cantilevers with various span-to-height ratios, and the densities of
wooden cantilevers were estimated based on the measurements. The end
condition of the cantilever was apart from the ideal condition for the smaller
span-to-height ratios and approached to the ideal condition with the
increase in the span-to-height ratio. The accuracy of the density without
the correction decreased as the span-to-height ratio decreased. After
correction based on the ideality of the end condition, the density could be
accurately estimated without weighing the specimen.
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INTRODUCTION

Determining the density and Young’s modulus of wood used for members such as
columns and beams in constructions and beams for timber guardrails nondestructively is
important. Determining the density and Young’s modulus of the stored wood such as
lumber in a stack, piled logs, piled round bars, and standing trees nondestructively is also
important. They can be measured using static bending or bending vibration tests.

Although the Young’s modulus of wood can be measured using the static bending
test, the density cannot be measured with this method. The specific Young’s modulus of
wood can be calculated from the resonance frequency generated by the bending vibration
test, but the density (mass) is required to calculate the Young’s modulus. It is difficult to
weigh the wood actually used for the members, the stored wood and the standing tree on
site because removing each specimen from wood constructions, timber guardrails and
stacks, or uprooting trees are time consuming.

A vibration testing method for wood using the reduction of resonance frequency
due to mass addition (hereafter, referred to as the vibration method with additional mass,
VAM) has been developed. The specimen mass and Young’s modulus can be calculated
without weighing using this method (Kubojima 2025).

VAM uses an appropriate mass ratio (attached mass to a specimen/specimen mass)
(Sonoda et al. 2016), and a large attached mass is needed for large, or in other words, heavy
piece of wood. Consequently, the work efficiency may be reduced in such a case. Changes
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in resonance frequencies caused by the additional mass of long specimens are small
because the resonance frequencies are low. Thus, the accuracy of VAM may decrease for
long specimens (Kubojima et al. 2024).

A method for estimating the density of wooden cantilevers using the Young’s
modulus obtained from the static bending test and the specific Young’s modulus obtained
from the bending vibration test (hereafter, referred to as the static and vibration hybrid
method) (Kato ef al. 2025) was developed to compensate for the inaccuracy of VAM for
large specimens. Although there are studies using both vibration and static bending tests in
combination that estimate the strength based on the positive relationship between the
dynamic Young’s modulus and strength (Aratake et al. 1992; Nakamura 1972; Nakayama
1968; 1975; Nakayama and Fujiwara 1977; Nakayama and Yoshiaki 1974), there has been
a lack of studies estimating the density. The bending vibration of a specimen with a fixed
condition is affected by the shear deflection, rotatory inertia, and semi-rigid of the end
condition. These parameters depend on the span-to-height ratio of a specimen (Kubojima
et al. 2006, 2012, 2022). Thus, the effect of the span-to-height ratio on the static and
vibration hybrid method was investigated. Because this study is at an early stage, small
clear rectangular specimens were used and the linear segment of the static bending load
and deflection relationship was considered.

ESTIMATION OF WOOD DENSITY WITHOUT WEIGHING WOOD USING
BENDING VIBRATION AND STATIC BENDING

The bending vibration and static bending under fixed-free conditions are considered
in this work. For thin specimens with a constant cross-section, only pure bending needs to
be accounted for.

The resonance frequency, denoted by f» (n refers to the resonance mode number),
can be expressed as follows,

hen) B 0

where E, I, [, p, and A4 are Young’s modulus, the second moment of the area, the span, the
density, and the cross-sectional area, respectively. The constant m. depends on the
vibration modes and can be expressed as follows.

m, = 1.875,m, = 4.694,m; = 7.855,m,, = %(Zn —Dn(n>3) 2)

When the free end of a cantilever is loaded during the static bending, the slope of
the linear segment of the static bending load (P) - deflection at the free end (y) diagram is
expressed as follows.

dp EI

@ _ 58 (3)

Based on Egs. 1 and 3,
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For the bending vibration of the actually used wood, the contributions of deflections

due to shear and rotatory inertia to the total measured bending deflection cannot be

2
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negligible if the specimen is not thin (Timoshenko 1921). Additionally, the fixed end
condition of the actually used wood is not the ideal fixed condition but rather a semi-rigid
condition, which lies between the simply-supported condition and the fixed condition
(Kubojima et al. 2022). Therefore, Eq. 1 is modified for the actually used wood as follows,

_ L (maw)® [EL_ 1 (ma)? [Eavi!
fm =5 (1) == (B 75 ®)
where subscripts M, a, and vib denote measured, apparent, and vibration, respectively.
From Egs. 1 and 5, kvib expressed by Eq. 6 can be obtained. The quantity Avib 1s
used as the index that indicates the degree of ideality of the end condition including the

contributions of shear, rotatory inertia, and the semi-rigid condition in the bending
vibration. When 4vib is equal to 1, the end condition is ideal.

f m 2 Eavi 3
by = 1224 = ( nﬁi‘) = |22 (Kubojima ef al. 2022) (6)

For the static bending of the actually used wood, the contribution of deflection due
to shear to the total measured bending deflection cannot be negligible if the specimen is
not thin (Timoshenko and Gere 1972). Additionally, the fixed end condition of the actually
used wood is in the semi-rigid condition as mentioned above. Therefore, Eq. 3 is modified
for the actually used wood as follows,

d_P _ o Easbl

(dy)M =3 3 (7)
where the subscript sb denotes static bending.

Because the degree of ideality of the end condition in bending vibration is expressed
by the square root of the Young’s modulus ratio, as shown in Eq. 6, the square root of the
Young’s modulus ratio is expressed by Eq. 8 as the index that indicates the degree of
ideality of the end condition including the contributions of shear and the semi-rigid
condition in the static bending. When 4sb is equal to 1, the end condition is ideal.

Eas
iy = 2 (®)

From Egs. 5 and 6,

EI 2mf 2
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From Egs. 7 and 8,

EI 1 [dpP

5 =5 (@), (19)
From Egs. 9 and 10,

_ 4 (kiv)® (aP) (_mi \?
P=3m (ksb) (dy)M (Zﬁan) (1)

The specimen mass can be estimated using the indices kvib and ksb, the slope of load-
deflection diagram in static bending, and the resonance frequency in the bending vibration.
The true Young’s modulus £ is measured under the ideal end condition, for example, a
free-free longitudinal vibration test. The resonance frequency f» is estimated by substituting
E into Eq. 1, and kvib is calculated by substituting f» and the measured f.m into Eq. 6. The
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apparent Young’s modulus in the static bending Easb is obtained by substituting (dP/dy)m
into Eq. 7, and ksb is calculated by substituting £ and Easb into Eq. 8. Thus, the density can
be calculated by using Eq. 11. The specimen mass is not required for these calculations.

EXPERIMENTAL

Materials

Sitka spruce (Picea sitchensis Carr.) rectangular bars with a width of 25 mm (radial
direction, R), heights of 5, 10, 15, 20, and 25 mm (tangential direction, T), and a length of
300 mm (longitudinal direction, L) were used as specimens. The specimens with no knots
and with straight grain were cut from mainly heartwood. The specimens had an accurate
longitudinal-radial, longitudinal-tangential, and radial-tangential planes. The surface of
each specimen was finished with a tip saw. Three specimens for each dimension were used.
The specimens were conditioned at 20 °C and 65% relative humidity until the weight
became constant. All tests were conducted under the same conditions.

Free-free Longitudinal Vibration Test

To determine the true Young’s modulus, the longitudinal vibration tests were
conducted, and the resonance frequency of the first mode was measured. The free-free
longitudinal vibration tests were conducted according to the following procedure
(Kubojima et al. 2014). The specimen was placed at the nodal positions of the free-free
longitudinal vibration corresponding to its first resonance mode. The longitudinal vibration
was initiated by hitting the RT-plane of the specimen at one end using a wooden hammer
(hammer head: 5 mm x 6 mm % 10 mm, 0.85 g), whereas the specimen motion was detected
using a microphone (PRECISION SOUND LEVEL METER 2003, NODE Co., Ltd.,
Tokyo, Japan) at the other end. The direction of the microphone was parallel to the L-
direction. The signal was processed using a fast Fourier transform (FFT) digital signal
analyzer (Multi-Purpose FFT Analyzer CF-5220, Ono-Sokki, Co., Ltd., Yokohama, Japan)
to obtain high-resolution resonance frequencies of the first resonance mode.

Bending Vibration Test for a Cantilever

The bending vibration tests for a cantilever were conducted according to the
following procedure. An apparatus (Takachiho Seiki Co., Ltd., End condition controller KS-
200) shown in Fig. 1 was used to provide different end conditions. The 25 mm (L) 25 mm
(R) region from an end was supported by the post of the apparatus whose cross section was
25 mm x 25 mm. Consequently, the span was 275 mm. The specimen was compressed by
screwing a bolt attached to a load cell. It is thought that the vertical displacement was almost
0 and the rotation was partially restrained at the end. The compression stress was more than
2.6 MPa because the end condition was stable at the compression stress (Kubojima et al.
2022). The compression load was measured using the load cell and recorded using a data
logger. Bending vibration was initiated by hitting the LR-plane of the specimen in the
vertical direction at the tip using the aforementioned wooden hammer. The specimen motion
was detected by the aforementioned microphone installed at the free end. The signal was
processed using the aforementioned FFT digital signal analyzer to generate high-resolution
resonance frequencies. Because the stress relaxation was observed for each set compressive
stress, the vibration test was conducted when the load change became sufficiently small.
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Fig. 1. Schematic diagram of the experimental setup for the bending vibration test under various
end conditions

Free-free Bending Vibration Test

To obtain the shear modulus by bending, free-free bending vibration tests were
conducted according to the following procedure (Kubojima et al. 1996). The specimen was
suspended using two threads at the nodal positions of the free-free vibration corresponding
to its resonance mode. The bending vibration was initiated by hitting the LR-plane of the
specimen at one end using a wooden hammer, whereas the specimen motion was detected
using the aforementioned microphone at the other end. The signal was processed using the
aforementioned FFT digital signal analyzer as a means to obtain high-resolution resonance
frequencies.

The vibration test was conducted, and the resonance frequencies in the 1% to 5%
modes were measured. The Young’s modulus and shear modulus of the LT-plane were
calculated using the Goens-Hearmon regression method based on the Timoshenko theory
of bending (TGH method) (Timoshenko 1921; Goens 1931; Hearmon 1958). The Young’s
modulus in the absence of the contributions of shear and rotatory inertia and shear modulus
could be obtained using the TGH method for bending vibration.

Static Bending Test for a Cantilever

The static bending tests for the cantilever were conducted according to the following
procedure. The apparatus (Takachiho Seiki Co., Ltd., End condition controller KS-200)
shown in Fig. 2 was used to provide different end conditions. A 25 mm (L) x 25 mm (R)
region from an end was supported by the posts of the apparatus whose cross section was 25
mm X 25 mm. Consequently, the span was 275 mm. The specimen was compressed by
screwing a bolt attached to the load cell. It is thought that the vertical displacement was
almost 0 and the rotation was partially restrained at the end. The compression stress was
more than 2.6 MPa because the end condition was stable at the compression stress
(Kubojima et al. 2022). The compression loads at both ends were measured by the load cell
and recorded using the data logger. The free end of the cantilever was loaded, and the load
and deflection were measured using the apparatus (Takachiho Seiki Co., Ltd., K2000), as
shown in Fig. 2. The cross-head speed was 5 mm/min.
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Fig. 2. Schematic diagram of the experimental setup for the static bending test under various end
conditions

RESULTS AND DISCUSSION

The average (standard deviation) of the density, the Young’s modulus measured
using the longitudinal vibration test, and the shear modulus measured using the bending
vibration test were 430 (26) kg/m?, 12.36 (0.99) GPa, and 0.78 (0.11) GPa, respectively.

The examples of the relationships between the load and deflection of the static
bending test are shown in Fig. 3.
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Fig. 3. Examples of the relationship between load and deflection during the static bending

Figure 4 shows the degree of ideality of the end condition for various span-to-height
ratios. All the results were less than 1. The contributions of the shear and rotatory inertia
are compared to that of the semi-rigid condition.

The frequency equation is expressed by Eq. 12, incorporating the contributions of
deflections due to shear and rotatory inertia to the total measured bending deflection under
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the ideal fixed - free condition based on the Timoshenko theory of bending (Timoshenko
1921; Komatsu and Toda 1977; Akiyama et al. 2007).

2+ (% + g) cos fmy,, cosham,,; + (% - g) sin fmy; sinham,; = 0 (12)
a= \/w/Btszlt + 1 — Agm?, (13)
B = \/ Bim}. + 1+ Aim?Z, (14)

e = Bfm}, + 1+ BmZ, (15)
n=+B{mg +1—Bmz, (16)

PR w
t= 2/112 (%Et B 1) (18)

where s is the form factor (= 1.2 for a rectangular cross-section, Timoshenko and Gere
1972) and E: is the Young’s modulus based on the Timoshenko theory of bending,
respectively.
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Fig. 4. The contributions of shear, rotatory inertia, and the semi-rigid condition at different the span-
to-height ratios

Substituting the Young’s modulus measured by the longitudinal vibration test into
Etin Egs. 17 and 18, the shear modulus measured by the free-free bending vibration test
into G in Egs. 17 and 18 and the span-to-height ratio into Egs. 17 and 18, mat can be
obtained from Eq. 12. Mathematica 14.1J software (Wolfram Research Co., Ltd.) was used
in the calculation. The ratio of (mi/m1)* (m1 = 1.875 in Eq. 2) was used as the index that
indicates the degree of ideality of the end condition including the contributions of shear
and rotatory inertia in the bending vibration. The value of (m1/m1)* was apart from 1 for
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the smaller span-to-height ratios and approached to 1 with the increase in the span-to-height
ratio, as shown in Fig. 4 (circles).

The static bending deflection of the rectangular specimen at x (x: distance along
the specimen from the fixed end) under the ideal fixed - free conditions that is loaded at
the free end taking into account the shear is expressed as follows (Timoshenko and Gere

1972),

PI3 [x\3 x sP PI® (x\3 x

6E] (7) (3 - 7) + At~ 6Easp! (7) (3 - T) (19)
where the subscript s denotes the value without the contribution of shear.

When x = [/ is substituted into Eq. 19,

Es _ SEg (h)?
Easp =1+ E(T) (20)
The term |/ E,q,/Es was used as the degree of ideality of the end condition

including the contribution of shear in the static bending. The value of \/E,g,/Es is
calculated by substituting the Young’s modulus from the longitudinal vibration test into Es
in Eq. 20 and the shear modulus from the free - free bending vibration test into G in Eq.
20. The value of \/E,q,/Es was apart from 1 for the smaller span-to-height ratios and
approached to 1 with the increase in the span-to-height ratio, as shown in Fig. 4 (circles).

As shown in Fig. 4 (triangles), the values of ky;j, = f}’:—M from Eq. 6 and kg, =

\ Easp/Es from Eq. 8 (£ is from the free-free longitudinal vibration test) were apart from
1 for the smaller span-to-height ratios and approached to 1 with the increase in the span-

to-height ratio. They decreased rather than (mi/m1)? from Eq. 12 and /E,q,/Es from Eq.
20. Thus, the effect of the semi-rigid condition was not negligible, especially for the smaller
span-to-height ratios.

The estimated density using the static and vibration hybrid method was compared
to the measured density in Fig. 5.
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Fig. 5. Changes in the accuracy of the estimated density using the static and vibration hybrid
method
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When the density was calculated without correcting the ideality of the end
condition, Eq. 4 was used and the measured slope (dP/dy)m and the measured resonance
frequency fnm were substituted into Eq. 4. The accuracy of the density without the
correction decreased as the span-to-height ratio decreased. Thus, the density of specimens
with smaller span-to-height ratios cannot be accurately calculated using Eq. 4.

A correction was formulated based on the ideality of the end condition. The means
of ksb and kvib of the 3 specimens at each span-to-height ratio were substituted into Eq. 11.
The resulting density was estimated at an accuracy of =10%. Therefore, correction based
on the ideality of the end condition improved the accuracy of the density estimates without
weighing the specimen. If the variations of ks and Avib are small within one site, for
example, the site where timber piles are buried and the site where trees are planted, the
extensive experimentation to obtain ksb and kvib are not necessary at the site.

Expected errors in this method due to non-ideal situations of simplifications are
related to some simplifying assumptions that have been applied. The effect of air viscosity
is assumed to be small because the change in the resonance frequency was only 0.3 to 1.1
% 1n the region of 760 to 1 mmHg (Kataoka and Ono 1975). When the results of this study
are applied to actual wood such as flat square lumber, dimension lumber, beams of wood
guardrails, and timber piles, Eq. (11) can be used because their cross sections are unform.
Although the wood properties in the T-direction are considered to be uniform, those in the
R-direction are not. The effect of the different layers in wood is small because the same
second moment of the area is used for both bending vibration and static bending tests.

CONCLUSIONS

1. The end condition of cantilever showed an important difference from the ideal
condition for the smaller span-to-height ratios and approached to the ideal condition
with the increase in the span-to-height ratio.

2. The accuracy of the density without the correction decreased as the span-to-height ratio
decreased.

3. After correction based on the ideality of the end condition, the density could be
accurately estimated without weighing the specimen.
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